Abstract. We prove that for any connected compact CW-complex K there exists a space X weak homotopy equivalent to K which has the fixed point property, that is, every continuous map X → X has a fixed point. The result is known to be false if we require X to be a polyhedron. The space X we construct is a non-Hausdorff space with finitely many points.
A topological space X has the fixed point property if every continuous map f : X → X has a fixed point. We will prove the following THEOREM 1. Let K be a connected compact CW-complex. Then there exists a topological space X weak homotopy equivalent to K with the fixed point property.
If we require X to be a polyhedron, the result is known to be false. Though the fixed point property is not a homotopy invariant, every polyhedron homotopy equivalent to a sphere lacks the fixed point property (see [6, Theorem 7 .1], [8] or the proof of [11, Theorem] ). The space X we find has finitely many points. Therefore, we are also proving the following result. The homotopy type of any connected compact CW-complex can be realized by the order complex of a finite partially ordered set with the fixed point property.
A simplicial complex K has the fixed simplex property if for every simplicial map f : K → K there exists a simplex σ ∈ K such that f (σ) = σ or, equivalently, if every simplicial endomorphism of K fixes a point of the realization of K. The spheres S n do not have the fixed point property, but they do have triangulations with the fixed simplex property provided that n ≥ 2 (see Proposition 3). We will show that for every simply connected compact polyhedron K there exists a finite simplicial complex L homotopy equivalent to K with the fixed simplex property. Then the finite topological space X (L) associated to L has the fixed point property. This will prove Theorem 1 for simply connected complexes. If K is not simply connected we will be able to modify the construction above to obtain a finite model of K with the fixed point property but it will not be the poset of faces of a complex.
We sketch in a few lines the idea of the construction of L from K and the main parts of the proof. We first consider integer homology classes α k,l ∈ H k (K) which are a basis of the rational k-homology of K and then realize each α k,l as the image of the fundamental class [M k,l ] of a k-dimensional oriented pseudomanifold through a map M k,l → K. We construct L as follows. We find a sufficiently fine (j-th barycentric) subdivision K j of K and attach to K j mapping cylinders of the maps M : M r k,l → M r k,l is a simplicial automorphism. The argument is then complete if we show that the pseudomanifolds M r k,l can be assumed to be asymmetric, in the sense that every automorphism fixes a vertex.
The following notions are a rigid version of Gromov's simplicial volume and the 1 -norm. Let C be a finitely generated free Z-module with a fixed basis
is a morphism between finitely generated free Z-modules (each of them with a chosen basis), the norm of f is f = max c =0
Let C * be a finitely generated free chain complex with a given basis for each
denotes the class of a cycle c in homology.
When K is a finite simplicial complex we will always consider the chain complex C * (K) with the usual basis for C k (K) given by one oriented k-simplex
We denote by H * (K) the simplicial homology of K with integer coefficients.
If M is a closed n-dimensional oriented pseudomanifold, the norm [M ] ∈ H n (M ) of its fundamental class is the number of n-simplices in M .
If ϕ : K → L is a simplicial map between finite simplicial complexes, ϕ * :
If L is a finite simplicial complex and K is a subdivision of L, the subdivision operator λ : C * (L) → C * (K) is a homotopy inverse to the chain map induced by any simplicial approximation to the identity and maps a k-simplex σ ∈ L into a signed sum of all the k-simplices of K contained in σ. Therefore, the norm of
Let K be a finite simplicial complex. The barycenter of a simplex σ ∈ K will be denoted by b(σ) orσ. The simplices of K are then the sets {σ 0 ,σ 1 Definition 2. We will say that a complex K is asymmetric if there exists a vertex v ∈ K which is fixed by every simplicial automorphism of K.
Proof. Given a complex K and a simplex σ ∈ K, we denote by deg K (σ) the number of maximal simplices of K containing σ. Then deg K (σ) is the number of maximal simplices in the link lk K (σ) if σ is not maximal, and 1 if σ is maximal in
where the second maximum is taken over all the vertices v of K. It is not hard to see that there exists a subdivision L of M which contains a vertex v 0 such that deg
Then clearly L is asymmetric since the degree deg is preserved by automorphisms of L and thus v 0 is fixed by any such an automorphism. Moreover, we will show that deg
is obtained by choosing a chain σ 0 < σ 1 < ··· < σ k−1 of proper faces of σ and a chain σ k+1 < σ k+2 < ··· < σ n of simplices containing σ.
only when the pseudomanifold is isomorphic to the boundary of an (n + 1)-simplex, which is not the case since L is asymmetric.
• (
Proof.
We proceed by induction in the number of pairs i, j satisfying (3). If (1) or (2) holds for every i, j then the convex hull S of {σ 0 ,σ 1 ,... ,σ k } is a simplex of τ . Otherwise take i, j such that σ = σ i ∪ σ j has maximum cardinality among all the pairs satisfying (3). Sinceσ is a convex combination ofσ i andσ j , by induction it suffices to prove that {σ, 
Let ϕ : K → L be a simplicial map between finite simplicial complexes. We will work with the following version of the simplicial mapping cylinder Z ϕ of ϕ. First we choose a total ordering in the set of vertices of K. The vertex set of Z ϕ is the disjoint union of the vertex set of K and of L. The simplices of the cylinder are the simplices of L together with sets of the form
There is a simplicial retraction p :
Therefore pi = ϕ where i denotes the canonical inclusion of K into the cylinder. The composition jp lies in the same contiguity class as the identity
Suppose K is a subdivision of a complex L and that ψ : K → L is a simplicial approximation to the identity. In other words, ψ is a vertex map which maps each
We will prove that for barycentric subdivisions K = L there is a retraction r such that r k ≤ (k + 1)!. It is not true that this inequality holds for any retraction r.
LEMMA 6. Let K be a finite simplicial complex. Then there exists an ordering of the vertices of K , a simplicial approximation to the identity
Proof. Order the verticesσ of K in such a way thatσ <τ implies dim(σ) ≥ dim(τ ). Let ψ : K → K be any approximation to the identity. In other words, ifσ is a vertex of 
given by the Acyclic carrier theorem, must be trivial.
If S ∈ Z ψ is a k-simplex such that dim Φ(S) < k, then r(S) ∈ C k (Φ(S)) = 0 is trivial. Otherwise dim Φ(S) = k and then Φ(S) is a subdivision of S (considered as a set of k + 1 affinely independent vertices of K ). One has then the subdivision operator λ : C * (S) → C * (Φ(S)). Since for each j-face S of S, Φ( S) is a j-dimensional subcomplex, the acyclic carrier Φ when restricted to C * (S) is the usual subdivision carrier
carried by the same acyclic carrier Φ and by the same argument as before, they coincide. Hence r k (S) = λ k (S) is the number of k-simplices in Φ(S) which is at most (k + 1)! by Remark 5.
Clearly r :
If l ≥ 0, σ 0 is comparable with each σ j and each {v j }. By Remark 5, S is subdivided in less than (k + 1)! k-simplices of K so r k (S) < (k + 1)!. This proves the second assertion of the lemma.
Remark 7. It is well known that every singular k-homology class α of a space X can be realized by a disjoint union M i of closed k-dimensional oriented pseudomanifolds, meaning that there is a continuous map f : 
. By Remark 7 each α k,l can be realized by a disjoint union of closed oriented pseudomanifolds. Moreover, by changing the α k,l 's if needed we can assume that each of them is realized by a single pseudomanifold. For each k ≥ 2 and
We define an increasing sequence s 1 ,s 2 ,s 3 ,... ,s n of non-negative integers as follows. Let s 1 = 0. Let N 2,l = [M 2,l ] be the number of 2-simplices in M 2,l for each 1 ≤ l ≤ d 2 and let N 2 = max l N 2,l . If P is any finite simplicial complex, the cover U of P given by the open stars st P (v) of the vertices of P has a Lebesgue number δ > 0. Therefore, there exists a positive integer s 2 such that for each s ≥ s 2 , every connected subcomplex of P s generated by at most N 2 many simplices is contained in an element of U , and in particular in a contractible subcomplex of P . We take s 2 in such a way that the assertion above holds for P when P is any M k,l with k ≥ 3 and 
, N = max 2≤k≤n N k and take s n ≥ s n−1 such that for each s ≥ s n , any connected subcomplex of K s generated by at most N simplices is contained in a contractible subcomplex.
We now define for each k ≥ 2 and 1 ≤ l ≤ d k a cylinder C k,l which will be attached to K s n . Each C k,l consists of three parts. The first one is Figure 1) . The second part C b k,l is constructed as follows. We glue N cylinders 
Let L be the union of all the cylinders C k,l for k ≥ 2 and
Therefore L is homotopy equivalent to K. We will show that L has the fixed simplex property.
Second part: L has the fixed simplex property. Let
Let f : L → L be a simplicial map. We study for each k the matrix of f * :
k,l ) lies in a connected subcomplex of L generated by at most N k simplices. Since each C b k ,l is constructed gluing N ≥ N k cylinders then one of the following holds:
. Just as L, the complex C ab deformation retracts to K s n , but in contrast to L, for C ab the retraction r ab : C ab → K s n may be taken simplicial. Since we are assuming f i k,l : M
By the choice of s n , this connected subcomplex lies in a contractible subcomplex of K s n , and then r ab
In this case the l-th column of the matrix of f * is zero.
Assume then that (2) holds. 
If l = l, the l-th column of f * has a zero in the l-th entry. The last and most important case is l = l.
If for each k, l the case (1) occurs or the case (2) for (k ,l ) = (k, l), then the trace of the matrix of f * in each positive degree is zero and by the Lefschetz fixed point theorem, f must fix a simplex. We can assume then that there exists one pair k, l such that (2) holds for (k ,l ) = (k, l) and that
k,l of the cylinder into the extreme in contact with C c k,l extends to a simplicial retraction p :
On the other hand Lemma 6 provides retractions R m :
When m = s n , R m is just another notation for R s n . By Lemma 6, the norm of the map
is a cycle with norm at most 
. This contradicts the assumption. Therefore, c = (
Since the equality holds, we have in particular
k,l is an automorphism and the asymmetry of M
k,l gives the desired fixed simplex.
The poset of simplices of a finite simplicial complex K is denoted by X (K). Recall that a finite poset X can be regarded as a topological space with finitely many points in which open sets are those subsets U ⊆ X such that any x ∈ X which is smaller than or equal to an element of U is itself in U . This space satisfies the T 0 separation axiom and in fact any finite T 0 -space is a poset in this sense. Order preserving maps correspond to continuous maps and comparable maps are homotopic ( [2] ). For every finite simplicial complex K there is a weak homotopy equivalence K → X (K) (see [9] ). The simplicial complex of chains of a poset X is denoted by K(X). There is a weak homotopy equivalence K(X) → X. A simplicial map ϕ : K → L and a continuous map f : X → Y between finite T 0 -spaces induce maps X (ϕ) and K(f ) in the obvious way and one has the following commutative diagrams up to homotopy where the vertical maps are the weak homotopy equivalences mentioned above
O O COROLLARY 9. Let K be a simply connected compact CW-complex. Then there exists a topological space X weak homotopy equivalent to K which has the fixed point property.
Proof. By the previous theorem there is a finite simplicial complex L homotopy equivalent to K with the fixed simplex property. We claim that the associated finite space X (L) has the fixed point property. Let f :
In order to extend the last corollary to non-simply connected complexes, we need to modify the construction of the space X (L). The idea we used in the proof of Theorem 8 fails if H 1 (K) = 0 since no 1-dimensional pseudomanifold is asymmetric. We will adapt the proofs of Theorem 8 and Corollary 9 to the general case using the rigidity of finite spaces. Recall from [2, 3] that the non-Hausdorff mapping cylinder B f of an order preserving map f : X → Y between finite T 0 -spaces is the set X Y keeping the given ordering within X and Y and setting x < y for
If X is a finite T 0 -space, a point x ∈ X such that X <x or X >x is contractible is called a weak point. In this case the inclusion X {x} → X is a weak homotopy equivalence. In other words K(X) deformation retracts to K(X {x}) (see [2, 3] for more details). constructed by gluing two non-Hausdorff mapping cylinders of 1 and 2-degree maps from an 8-point model of S 1 to a 4-point model. Since x and y are weak points of K, K {x, y} → K is a weak homotopy equivalence. The space K {x, y} is a non-Hausdorff mapping cylinder and then it deformation retracts to {x ,y ,z ,w }. Therefore K is weak homotopy equivalent to S 1 . We show that K has the fixed point property.
We will prove the following assertion: there is, up to sign, a unique 1-cycle of norm at most 4 in the order complex K(K) which represents the double of a generator of
An easy way to prove this assertion is by using colorings (see [4] ). The Zcoloring of K which colors the solid edges with the identity and the dotted edges with a generator a of Z is connected and admissible, so it is the standard coloring of K. To each directed edge vw of the complex K(K) we assign a weight ω(vw) which is the sum of the colors of the edges in any increasing path from v to w if v < w.
The map H 1 (K(K)) → Z which maps the class of a 1-cycle v i w i to ω(v i w i ) is a well defined isomorphism (see [10, p.208] and [4] ). It is now easy to check that c = zx + xw + wy + yz is the unique cycle of K(K) with norm at most 4 which corresponds to 2a ∈ Z.
Alternatively, in order to prove the assertion, the reader not familiar with colorings may consider the order complex K(X) of the poset X given by the solid edges of K. This complex is contractible and K(K) is obtained from K(X) by adding seven 1-simplices and six 2-simplices. Moreover, K(K) collapses to K(X)∪{x z } and then the homology of the 1-cycles of K(K) of norm 4 is easy to understand.
We use now the assertion to prove the fixed point property. Suppose f : K → K is a fixed point free map. Then K(f ) has no fixed point and by the Lefschetz fixed point theorem K(f ) * :
is the identity. Thus K(f ) * (c) = c and then f maps {x, y, z, w} into itself, so f (x) = y, f (y) = x, f (z) = w and f (w) = z. In particular the set of points greater than w and z is mapped to itself, so f ({x ,y ,z }) ⊆ {x ,y ,z } {x} {y}. If the connected subspace {x ,y ,z } is mapped into the point x or into y, then the generating cycle z x +x w +w y +y z is mapped to 0. Therefore {x ,y ,z } is mapped into itself and then f has a fixed point, a contradiction.
Proof of Theorem 1. We may suppose that K is a finite simplicial complex. We begin with the construction of L performed in the proof of Theorem 8, except that this time we consider also integer homology classes α 1,1 ,α 1,2 ,. .. ,α 1,d 1 which are a basis for H 1 (K; Q) and 1-pseudomanifolds M 1,l along with simplicial maps ϕ 1,l :
The pseudomanifolds M k,l will be assumed to be asymmetric for k ≥ 2, but of course this is not possible for k = 1.
The numbers s 1 , N k,l , N k , s k for k ≥ 2 are defined as before. Let s 0 = 0,N 1 = 1 and N = max 1≤k≤n N k . The cylinders C k,l are built just as before, except that C b k,l will be constructed by gluing not N cylinders but (n + 1)!N cylinders of the identity. Also, we include now the C 1,l 's. The complex L is the union of all these cylinders and it is homotopy equivalent to K. The unique difference was the incorporation of the 1-dimensional manifolds with their cylinders and that we increased the length of the cylinders C b k,l . The space X will contain X (L) as a subspace. For each 1 ≤ l ≤ d 1 consider a weak homotopy equivalence X (M 1,l ) → {x ,y ,z ,w } where the codomain is the subspace of K defined in Lemma 10. Since {x ,y ,z ,w } → K is a weak equivalence, the composition h l : X (M l,1 ) → K is a weak equivalence. We take a different copy of K for each 1 ≤ l ≤ d 1 , so the non-Hausdorff mapping cylinders
Since h l is a weak equivalence, K(B h l ) deformation retracts to K(X (M 1,l )) = M 1,l and then K(X) deformation retracts to L . Therefore X is weak homotopy equivalent to K. We prove that X has the fixed point property.
Let f : X → X be a continuous map.
is a simplicial map. If K(f ) fixes a simplex, then f fixes a chain, so f fixes all the elements of the chain. For each k ≥ 1 we consider the basis
We consider now three cases in order to take into account the 1-dimensional part:
(
As in the proof of Corollary 9, f :
k-homology and the same is true for f :
This idea works also to adapt the proof of Theorem 8 to the cases (2) for k < k, (2) for k > k, (2) for k = k and l = l. Also, if we are in the case (2) 
k,l ] = 0 and then by the proof of Theorem 8 g fixes a simplex, so X (g) fixes a point σ ∈ X (M s k−1 k,l ). Then f (σ) ≥ X (g)(σ) = σ and f : X → X has a fixed point.
We can then assume that the trace of
Now we study the 1-dimensional component. Therefore, K(j l ) * (β l ) is mapped to an integer multiple of itself. Since f is a self map of a finite set, the powers of f induce only finite morphisms in homology, so K(j l ) * (β l ) is mapped to 0, K(j l ) * (β l ) or −K(j l ) * (β l ). By the Lefschetz fixed point theorem we can assume that for some 1 ≤ l ≤ d 1 , K(j l ) * (β l ) is mapped to itself. Then R * K(f j l ) * (zx + xw + wy + yz) ∈ Z 1 (K(K)) is a 1-cycle of norm at most 4 which represents the double of the generator of H 1 (K(K)). By the assertion in Lemma 10 there is a unique cycle satisfying these conditions, which is zx + xw + wy + yz. Therefore RK(f j l ) maps {x, y, z, w} into itself and then f ({x, y, z, w}) = {x, y, z, w}. Thus, the set of points smaller than one of those four points, {x, y, z, w, p 1 ,p 2 ,... ,p 6 }, is mapped also to itself and then f maps K into K. By Lemma 10, f has a fixed point. 
